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Introduction
Let m, x be column vectors from N 0 . Georg Frobenius focused attention on determining maximal g such that the linear Diophantine equation m T x = g has no solutions. This problem has attracted substantial attention in the last 100+ years; for a survey see the book [9] , which contains almost 500 references as well as applications to algebraic geometry, coding theory, linear algebra, algorithm analysis, discrete distributed systems, and random vector generation. A natural generalization of this problem (and essential to some applications) is to determine maximal vector(s) g such that the system of linear Diophantine equations M x = g has no solutions. This has attracted relatively little attention, perhaps because maximality must be subject to a partial vector ordering. We attempt to redress this injustice by providing a variety of results in this multi-dimensional context.
We fix R n . For any real matrix X and any S ⊆ R, we write X S for {Xs : |A| denotes henceforth the absolute value of det A. If |A| = 0, then we follow [8] and call the cone volume. If, in addition, each column of B lies in the cone, then we call M simplicial. Unless otherwise noted, we assume henceforth that M is simplicial. Note that if n ≤ 2, then we may always rearrange columns to make M simplicial. however, u v does not necessarily imply that u v. For v ∈ R n , we write
, to be the set of all ≥-minimal complete vectors. We call elements of G Frobenius vectors; they are the vector analogue of g that we will investigate.
, by the following result. Furthermore, the columns of B are in A Q ≥0 ; hence M Q ≥0 = A Q ≥0 and without loss we henceforth work over Q rather than over R. we get A
there is some coordinate i with (A
Because u ∈ Z n and A is an integer matrix, we have A 
It was known to Dedekind [4] that |V (u)| = |A|, and that V (u) is a complete set of coset representatives mod A (as restricted to Z n ).
The following equivalent conditions on M generalize the one-dimensional notion of relatively prime generators. Portions of the following have been repeatedly rediscovered [5, 6, 8, 12, 15] . We assume henceforth, unless otherwise noted, that M possesses these properties. We call such M dense.
Theorem 2
The following are equivalent: (5): The product of the elementary divisors is known (see, for example, [14] ) to be the absolute value of the GCD of all n × n minors of M . If they are all one, their product is one. Conversely, if their product is one, then they must all be one since they are all nonnegative integers.
Classically, there is a second type of Frobenius number f , maximal so that m T x = f has no solutions with x from N (rather than N 0 ). This does not add much; in [3] it was shown that f = g + m T 1. A similar situation holds in the vector context. 
Having established the notation and basic groundwork for the problem, we now present two useful techniques: the method of critical elements, and the MIN method. Each will be shown to characterize G.
For vector u and i
Critical elements characterize G, as shown by the following.
Theorem 4 Let x be complete. x ∈ G if and only if
PROOF. We write x = Ax . Let i ∈ [1, n] , and consider
, then v ∈ S and hence x / ∈ G. If this holds for each i ∈ [1, n] then in fact x must be minimal, and hence x ∈ G. On the other
in this case, y − Ae j would also be in S \ M N 0 , violating the minimality of y.
Critical elements can also test for uniqueness of Frobenius vectors.
Theorem 5 Let g ∈ G. Then |G| = 1 if and only if for each
then g ≥ g and therefore |G| = 1. Now, let g ∈ G be unique, and suppose that the desired conclusion does not hold. 
which is violative of assumption. Hence S ⊆ M N 0 and g is complete. Now take
violative of hypothesis.
We now give two more results using this method. The first generalizes a onedimensional reduction result in [7] which is very important because it allows the assumption that the generators are pairwise relatively prime. The vector generalization unfortunately does not permit an analogous assumption in general. for the other, assume θ(x) ∈ N N 0 . We have dx + dA1
Let g ∈ G(M ); we will show that θ(g) ∈ G(N ). Let i ∈ [1, n]; by Theorem 4,
considering all i gives θ(g) ∈ G(N ). Now, let g ∈ G(N ); we will show that
We again apply Theorem 4 to get an
We therefore have θ
Our last result using critical elements generalizes the one-dimensional theorem
The following determines G, for M of a similarly special type. 
Without loss we take m and reindex so that x i > 0 for i ∈ [1, m] , and Elements of MIN have a particularly nice form; this is quite useful in computations. Therefore, we have Bα = k|A|B + BCy = A (k|A|A
PROOF. Observe that
since M is simplicial). Hence, T = {G(P )B + kB : Hence g + A 1 = β for all g ∈ G, as desired.
We give two more results using this method. First, we present a ≤-bound of G; this generalizes a one dimensional bound, attributed to Schur in [2] :
Corollary 11 shows that equality is sometimes achieved.
PROOF. Let x ∈ MIN, fix 1 ≤ i ≤ n, and write (A −1 
